Since it is difficult to analyze 3D compressible turbulence, Burgers [3] first systematically studied a nonlinear model of fluid turbulence, i.e., the one-dimensional Burgers equation. Since then, the one-dimensional Burgers turbulence has frequently been investigated theoretically and numerically [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . According to multifractal theory [4] , isolated shocks connected by smooth ramps lead to bifractal scaling exponents of velocity structure function in the Burgers turbulence. Mitra et al. [5] performed simulation of one-dimensional Burgers turbulence with up to 2 20 mesh points to study multiscaling of velocity structure functions. They found that scaling exponents asymptotically saturates to one with increasing orders. Much effort has also been made to exploit the asymptotic behavior at the tail of PDF of negative velocity derivative in Burgers turbulence [7] [8] [9] [10] [11] [12] [13] . E et al. [10] predicted that the large negative velocity gradients stem mainly from preshocks, leading to the −7/2 power-law tail in the PDF of negative velocity gradients (provided that preshocks do not cluster). Bec [11] verified this result using a novel particle and shock tracking numerical method. Boldyrev et al. [12] carried out simulations of random forced Burgers turbulence using a standard shock capturing scheme.
They obtained a power-law exponent of about −3.4, very close to the theoretical value of −3.5.
Compared to incompressible turbulence, 3D compressible turbulence is more complex due to nonlinear interactions between solenoidal and compressive modes of velocity fluctuations, and furthermore couplings between velocity field and pressure field [14] . Besides the vortexfilament induced intermittency observed in the incompressible turbulence, shock waves in the compressible turbulence add an intermittent dissipation mechanism of different topological structures [15] . Schmidt et al. [16] studied two-point velocity statistics of compressible turbulence at rms Mach number of 5.5 by numerical simulations of Euler equations. A universal scaling has been recovered by reformulation of the refined similarity hypothesis in terms of the mass-weighted velocity ρ 1/3 u. They also reported that the most intermittent dissipative structures were shocks, due to extreme compressibility of the flow field. Galtier and Banerjee [17] derived an exact relation for correlation functions in compressible isothermal turbulence that mimics the Kolmogorov 4/5 law in the incompressible isotropic turbulence. Consequently, they theoretically revealed the effect of dilation and compression on the local energy transfer. By dimensional arguments, they further obtained a k −5/3 spectrum of density-weighted velocity ρ 1/3 u. Here a forced compressible turbulence is simulated in a cubic box with periodic conditions at 1024 3 gridresolution, using a novel hybrid approach described in [18] M t = u ′ / c = 1.03 and Taylor microscale Reynolds number is R λ = 254, where c is the average sound speed. The r.m.s. velocity divergence is found to be θ ′ = 0.35ω ′ , where ω ′ is the r.m.s. vorticity magnitude. It is also found (not shown in the paper) that power spectra for velocity u, density-weighted velocity ρ 1/3 u and ρ 1/2 u almost overlap, indicating a minor effect of density fluctuations on the velocity spectrum.
PDF
In order to reveal the underlying physics in the compressible turbulence, we employ the Helmholtz decomposition [14] , namely, the fluid velocity u is decomposed into a solenoidal component u s and a compressive component
, where ∇·u s = 0 and ∇× u c = 0. In our simulated flow, the ratio of r.m.s. fluctuations, u c′ /u s′ , is found to be 0.22, comparable to 0.18 reported in Porter et al. [19] at a similar turbulent Mach number. the separation vector and r = |r|. The PDFs exhibit stretched exponential tails at small spatial separations and approach to Gaussian as the separation increases. These trends are very similar to those found in incompressible turbulence [20] . Fig. 2 shows the normalized PDFs of the longitudinal increments, ∆u c (r) ≡ ∆u c (r)·r/r, of the compressive velocity component. The shape of PDFs is highly skewed at small separations and always has longer tail than Gaussian for all separations. In addition, at the one-grid-length separation, the PDF has a power-law tail with an exponent of −2.5 on the left side. We note that due to the power law behavior of the PDF tail, when the viscosity asymptotically approaches zero, special care is required since the variance of velocity increment may become unbounded. Similar results have been reported for the Burgers turbulence. In the random-force driven Burgers turbulence, the PDFs of velocity increments have an algebraic tail at left side, leading to strong intermittency and bifractality of scaling exponents [8] .
We plot the normalized PDFs of the pressure increments ∆p in Fig. 3 . The shapes of these PDFs are nearly symmetric and have longer tails at small spatial separations than those in the incompressible turbulence at the same Taylor Reynolds number (also see [21] ). The pressure changes drastically in the high compression regime, leading to intensive pressure increments at small separations. Power-law tails are also found in the pressureincrement PDF at the one-grid-length separation, with an power-law exponent of −3. 
functions in the inertial subrange are defined as
where ζ L s,n and ζ L c,n are the scaling exponents for the two velocity components, respectively. Our results show that ζ L s,n agrees well with those from the incompressible turbulence [22, 23] . This implies that at M t ∼ 1, the two-point statistics of solenoidal velocity component are insensitive to the presence of shocks. In addition, similar to results in [19, 24] , we find that the scaling exponents of the full velocity u are also the same as those in the incompressible turbulence. However, the scaling exponents of the the compressive velocity component, shown in the insert of Fig. 4 , is drastically different. A saturation of ζ L c,n is observed for n ≥ 5, and the saturated value is estimated to be ζ L c,∞ ≈ 0.7. The compensated longitudinal structure functions at orders 5 and 6 are shown in Fig. 4 , where the separation is normalized by Kolmogorov length η. According to the multi-fractal theory, the saturation of exponents is caused by the domination of frontlike structures [24] . Benzi et al. [24] observed that density field displays frontlike structures, leading to saturation of scaling exponents for density structure functions in a weakly compressible turbulence at rms Mach number 0.3. However, for the velocity field, they did not find any difference between weakly compressible turbulence and incompressible turbulence. On the other hand, due to relatively higher turbulent Mach number in our simulated flow, shocks produce a significant number of frontlike structures in the compressive velocity field, causing saturation of scaling exponents ζ associated with large temporal fluctuations, which ascribe to instability of intermittency structures [25] .
The PDF of velocity divergence (Fig. 5 ) exhibits a power-law tail for large negative divergence and an superexponential tail for large positive divergence, both qualitatively similar to the PDF of velocity derivative in Burgers turbulence [13] . In Burgers turbulence with infinitesimal viscosity, the large negative velocity gradients stem mainly from preshocks, leading to the power-law tail in the PDF of negative velocity gradients [10] . In the compressible turbulence, through studying the contours of velocity divergence (not shown here), we have identified that the power-law regime of velocity divergence have a major contribution from preshocks and weak shocklets rather than strong shock waves. Otherwise, the powerlaw exponent for the PDF of velocity divergence is −2.5, the same as that for the PDF of the longitudinal increments of compressive velocity component at the onegrid-length separation, but qualitatively different from the power-law exponent (−3.5) for the PDF of velocity gradient in one-dimensional Burgers turbulence. To understand this difference, we write down the equation of the velocity derivative in Burgers turbulence [9] 
where u(x, t) is velocity and ξ(x, t) is velocity gradient. The forcing f (x, t) is used to maintain the Burgers turbulence to be statistically stationary. In contrast, the governing equation for velocity divergence in 3D NavierStokes flow is:
To simplify the discussions, we have neglected the effect of density fluctuations on the viscous term. It is seen that there are some similarities between the term ∂uj ∂xi ∂ui ∂xj in Eq. (4) and ξ 2 in Eq. (3), the former causing strong skewness of PDF for velocity divergence provided turbulent Mach number is larger than 0.3 [26] .
Below, we demonstrate how the pressure term alters the power-law exponent of the PDF of velocity divergence in high compression regime. Following the similar procedure provided by Gotoh and Kraichnan [6] , we can derive the Liouville equation for the PDF of velocity divergence P (θ) as follows (see Supplementary Material):
where the dissipation term is
and the forcing term including effects of pressure and anisotropic straining is
This equation is written formally the same as the PDF equation of velocity derivative in Burgers turbulence, but with different dissipation term and forcing term [13] . It has been argued previously [7] [8] [9] [10] [11] [12] [13] that Burgers turbulence has a power-law tail in the PDF of ξ for high compression regime. If Burgers turbulence is driven by large scale white-in-time random forcing, this tail is believed to be universal with an exponent −3.5 in the limit of vanishing viscosity. Other exponents are possible if Burger turbulence is driven by forcing with prescribed power-law spectra [8] .
In Fig. 6 , we plot the average normalized straining
∂uj ∂xi ∂ui ∂xj conditioned on the velocity divergence, as a function of velocity divergence. For the compression regime (i.e., θ < 0), we find that the straining term can be well approximated by θ 2 θ ′2 , implying that the effect of stretching-tilting dynamics on the PDF of velocity divergence is small. In addition, its compressive component
∂xj dominates the overall straining term. These interesting approximations are consistent with the numerical simulations that intensive velocity gradients are dominated by variations in one spatial direction during compression in the shock waves [14, 27] . Therefore, the solenoidal velocity component has very limited contribution to the PDF equation of velocity divergence in the compression regime. In contrast, in the expansion regime (i.e., θ > 0), the straining term is no longer close to square of divergence. Based on dimensional analysis, the anisotropic straining term (
can be represented by square of divergence multiplying by a non-dimensional constant. Fig. 6 shows that this non-dimensional constant is around −0.8 in the expansion regime instead of almost zero in the compression 
regime. The conditional straining is always positive, implying that the magnitude of the velocity divergence is increased by the straining when θ < 0, but it is decreased by the straining when θ > 0. However, the magnitude of the conditional straining for θ > 0 is only about 1/5 the values for θ < 0, indicating that the effect of straining on the velocity divergence is substantially weaker in the expansion regime. Therefore, the role of the straining term in Eq. (4) is similar to that of ξ 2 term in Eq. (3) in the compression regime due to shock structures; but in the expansion regime, it is weakened by relaxation of multi-directional advection and by the solenoidal velocity dynamics, where the flow are dominated by vortex structures.
We now focus our discussion on the PDF equation in the strong compression regime where the power-law tail appears. In Fig. 6 , we show average values of viscous term and pressure term conditioned on θ in the PDF equation. As also shown in the figure, the anisotropic staining effect is small compared with the other two terms, and may be neglected. The viscous term is well fitted by a parabola α ν θ θ ′ 2 + β ν θ θ ′ with α ν = 0.4 and β ν = 0.5. A similar procedure was suggested by Gotoh et. al [9] based on an analysis of viscous term inside an equilibrium single-shock in Burgers turbulence. Pressure term can also be approximated by a parabola with coefficient α p = 1.2 and β p = 5.3. With these approximations, we obtain the following solution at the stationary stage
It follows that, for large negative θ, P (θ) ∝ θ −q with the exponent being q = 2+ 1 1+αp−αν . Using the fitting values for α p and α ν , we then obtain q = 2.56. This is very close to the value of 2.5 shown in Fig. 5 . An exponent of −3 is obtained without considering the pressure term and viscous term, which is consistent with the case of Burgers turbulence [13] . The viscous term enlarges the exponent as in Burgers turbulence [13] . The key difference here is the modification of the power-law exponent from the pressure term. We note that the role of the pressure is opposite to that of the viscosity in determining this exponent, and the effect of pressure predominates.
Finally, we emphasize that the viscosity is small but finite in our discussion on the PDF of velocity divergence. Several issues require further investigations, including the relative contributions of preshocks and weak shocklets to the power-law tail of the PDF at higher Reynolds numbers, the asymptotic behavior of the power-law exponent in the limit of vanishing viscosity, and the effect of Mach number on the power-law behavior.
